
Scattering on Magnetic Monopoles 
Herbert-Rainer Petry 
Institut für Theoretische Kernphysik der Universität Bonn 

Z. Xaturforsch. 35a, 1276-1284 (1980); received June 26, 1980 

The time-dependent scattering theory of charged particles on magnetic monopoles is investi-
gated within a mathematical frame-work, which duely pays attention to the fact that the wave-
functions of the scattered particles are sections in a non-trivial complex line-bundle. It is found 
that Möller operators have to be defined in a way which takes into account the peculiar long-
range behaviour of the monopole field. Formulas for the scattering matrix and the differential 
cross-section are derived, and, as a by-product, a momentum space picture for particles, which 
are described by sections in the underlying complex line-bundle, is presented. 

Introduction 

It has been recognized within the framework of 
geometric quantization [1, 2] that it is very con-
venient to interpret the wave-function of a particle 
as a section in a complex line-bundle. For the 
quantum-mechanical description of an electron in 
the field of a magnetic monopole, this interpretation 
is in fact essential [3, 4, 5] because it yields in the 
most natural way the mathematical explanation of 
the quantization of magnetic charge, first discovered 
by Dirac [6J. However, as we shall see, this new 
interpretation forbids to apply the standard meth-
ods of scattering theory without significant changes. 
It is the purpose of this note to demonstrate how 
these methods have to be changed and how a con-
sistent theory of electron scattering on magnetic 
monopoles is finally obtained. 

1. Standard Scattering Theory 

In order to see what changes we have to perform, 
it is useful to recall first the two basic approaches 
of scattering theory [7]. To be as close as possible 
to the physical situation which we finally want to 
describe, let us first consider an electron moving in 
a time-independent magnetic field which is repre-
sented by a two-form B. Assume that 

B = dA , ^ - 2 Aidxj j ' (1) 

and consider the Schrödinger equation 
1 3 / 8 \2 

(2 ) 
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which is valid for a particle with mass m and 
charge q. 

a) The prescription of the time-independent scat-
tering theory reads then as follows: set 

E = £2/2 m 

and look for a solution xp, of Eq. (2) which asymp-
totically (|.r| —>oo) behaves as 

y, g^ eikx A (Q) el'l*l 1*1/1 , (3) 

where A is function of the angle variables Q alone. 
The differential cross-section a is then given by 

a= \A\*. 

b) In contrast to this approach, the time-depen-
dent scattering theory [7] compares the time-evolu-
tion governed by the Hamiltonian 

h = - V " i ( A + i(i 4 2 m •f-'y \ ox' J 

with the evolution governed by the free Hamil-
tonian 

To this end one considers the Möller-operators Q± , 
which are given by the strong limits 

Q ± = lim eWe-* 1* 9 ' , (0) 
( -> ico 

and studies the so-called scattering matrix S, for-
mally defined by 

S = Q*Ü-. (7) 

The physical importance of these operators lies in 
the following facts: 
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Choose ipeL2(R3) arbitrarily and consider the 
time-evolution of Q-ip, i.e. 

y)(t) = e~iHtQ-xp. 

Then, by construction of Q± , it follows that 

lim I y>(t) - e~iHo,y)\\ = 0 
l —y — oo 

which shows that rp(t) behaves as e~~lIIotip when 
t — oo. Hence, at large negative times, the time-
evolution of Q - i p equals the free evolution of ip. 
On the other hand we find that 

lim || e~iHotSy) - xp{t) || = 0 (8) 

which shows that, at large positive times, tp(t) be-
haves as e~lHotSip i.e. we observe the free evolu-
tion of Sip. If there is not magnetic field, the the 
equation 

rp(t) = e~iIIotip 

will hold for all times (and not just, when -|—-> — oo) 
Hence we write 

V ( 0 = e - H , < V + V b c ( 0 (9 ) 

in the presence of a nonvanisbing field and interpret 
tp sc (0 as the scattering wave due to the interaction 
with the external field. Consequently, the probabil-
ity that the particle is scattered into a cone C with 
apex at the origin, is given by the formula 

P(C,ip) = lim f d 3 * | y,sc(t)(x)\2. (10) 

Using Eq. (8) and some mathematical properties of 
the free evolution operator one finds (7]: 

P(C,ip) = Sd3p\(S-l)y>(p)\2, (11) 
c 

where rp denotes the Fourier transform of tp. Equa-
tion (11) is known as the "scattering into cones 
formula"; it is shown in standard text-books, how 
the differential cross-section can be extracted out 
of it. 

2. Electron-3Ionopole Scattering 

Let us now consider electron scattering in the 
field of a magnetic monopole with magnetic charge 
fi fixed at the origin; i.e. the electron moves in a 
magnetic field described by the two-form 

B = pi Bo, 

Bo = (Z1 dx2 A dx* + x3 D Z * A dx2 ( 1 2 ) 

+ x2dx31\ drr1)/^!3. 

B is closed, but not exact; hence there is no vector-
potential A in the domain R3 — 0 = : R3, where B 
is well-defined. Therefore, Eq. (1) and, as a con-
sequence, Eq. (2) seem to be mathematically mean-
ingless. The way out of this difficulty was shown 
by Dirac. His arguments become, however, more 
transparent, when we use the language of modern 
differential geometry. In this language the quan-
tum-mechanical description of a charged particle 
in a magnetic field B reads as follows [4]: The par-
ticle is described by a section in complex line-bundle 
f D ( 5 ) ; (D(B) = R3 denotes the domain, where 
B is well-defined). The line bundle £ must have the 
following properties: 

a) There is a fibre metric < , ) and a covariant 
derivative V in £ which are compatible; i.e. for 
arbitrary sections o\, 02 and vector fields X the 
equation 

X((Oi, 0r2>) = <Vjr<T 1, <T2> 

+ <<xi, Vz<r2> (13) 
holds. 

b) The curvature w(V) and the external mag-
netic field B are related bv the formula 

co(V) = iqB (14) 

It has been shown in Ref. [4] that this new for-
mulation fulfills all the requirements of quantum 
theory. In particular, if the particle is described by 
a section a, then <o", a)(x) represents the probabil-
ity to find the particle at the point x. It follows 
that our quantum mechanical Hilbert space H con-
sists of all square-integrable sections a: 

H — :\o\ J d 3 * < < r , < r > ( * ) < o o l , (15) 

I D(B) I 

with scalar product 
<<Tl, <?2> — J d 3 * <(Ti, (T2> («) • 

1)(B) 

Moreover, the Schrödinger equation (2) reads now 
as follows: 

1 
Ea = — 

2 m j f i 
a. (16) 

(In this equation Vj denotes the covariant deriva-
tive in the direction of the vector field ö/öx;.) 

The two requirements a) and b) determine £ 
(together with < , ) and V) up to strong bundle 
isomorphisms, provided D(B) is simply connected. 
Physically, such, isomorphisms correspond to gauge 
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transformations and do not lead to observable con-
sequences. More important is, therefore, the ques-
tion, under which conditions on B a suitable line 
bundle £ exists. The answer is extremely simple: 
£ exists if and only if the cohomology class [qB/2n] 
defined by B is integer [2]. If, in particular, B is 
given by formula (12) the last statement requires 

2qji = neZ, (17) 

which is precisely Dirac's quantization of the mo-
nopole charge fx. 

Hence we will assume that (17) holds indeed with 
n 4 1 0 so that the general requirements of quantum 
theory are fulfilled. W e must expect, of course, that 
the fact, that from now on we have to deal with 
sections in a nontrivial bundle, will present us new 
kinds of difficulties not known in ordinary Schrö-
dinger theory. In particular, let us investigate what 
happens to the two standard approaches of scat-
tering theory. Clearly, the time-independent ap-
proach a) cannot be used, because there is no way 
to formula a boundary condition like Eq. (3) for 
sections in a nontrivial line-bundle. This has been 
realized by several authors who have changed this 
condition [8, 9, 10]. We will come to this point 
later and consider first the time-dependent ap-
proach b). Also this approach is, in our case, no 
longer useful. The reason lies in the fact that we 
have to compare the time evolution governed by 

H = - - J - l v , - * (18) 
7 = 1 2 TO 

(which acts on sections in |), with the time evolu-
tion given by 

H0 = - - J - A 
2 TO 

(which acts on ordinary functions). Hence the 
Möller-operators can no longer be defined as in 
Eq. (6), because H and Hq act on completely dif-
ferent spaces. 

At this point it is useful to recall that the def-
inition (6) of the Möller operators is known to be 
no longer valid, when long range forces are present. 
In particular, Eq. (6) does not hold for the Coulomb 
problem [7]. In this case Hq has to be replaced by 
a "free" Hamiltonian Hq which differs from the 
expression (5). Note, however, that in the Coulomb 
problem, the particular choice of Hq' is not pre-
dicted by the general theory, but has to be guessed 

from the particular form of the corresponding 
Schrödinger-equation and its solutions [11]. This 
is now the procedure which we want to adopt for 
our problem, too; i.e. Ave want to find an operator 
Hq replacing Hq in Eq. (6) which yields the Möller 
operators. We hope that Hq will be somehow nat-
urally determined by H itself, and consequently, the 
next sections deal with a more detailed investiga-
tion of H. 

However, we have to mention before, that there 
is another subtle difficulty concealed in our prob-
lem, which arises from the "scattering into cones 
formula" (Eq. (11)). This formula contains the Fou-
rier transform, or, in physical terms, the momentum 
distribution of the wave-function y. Obviously, sec-
tions in a nontrivial line bundle cannot be Fourier 
transformed like ordinary functions. Hence we ex-
pect for our particular scattering problem a "scat-
tering into cones formula" where the Fourier trans-
formation is replaced by a suitable unitary operator 
F. If a is a section, we may, by obvious analogy, 
interpret F a as the "momentum space wave-func-
tion" corresponding to a. We shall see in the follow-
ing, how F is determined by the appropriate choice 
Of Hq'. 

3. The Hamiltonian of Electron-Monopole 
Scattering 

According to the last section, we have to con-
struct a line bundle £n R 3 with a fibre metric 
< , > and a compatible covariant derivative V, such 
that 

W (V) = — i(nl2)B0, (compare Eq. (12)), 

w i t h 
2q/u = neZ. 

This construction has been shown elsewhere [4]; at 
this place we just give the result without proofs. 

Identify U( l ) with the group of unimodular com-
plex numbers and let dn: £7(1) ->£L(C) denote 
the representation dn(z) = zn; (zeU(l)). 

It turns out [4] that there is a fixed principal 

U(l)-bundle P -> R3 such that £ra is associated to 
P via the representation dn for all n\ i.e. 

£n = PxdnC. (19) 

Moreover, there is a connection form a in P, such 
that 

dx= -n*Bo/2. (20) 
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Let Sec(w) and H(n) denote the vector spaces of 
all sections in and the Hilbert space of all square-
integrable sections, respectively (compare Eq. (15)); 
let F (n) denote the space of n-equivariant functions 
on P, i.e. 

F(n) = {tp P-+ C; y>(q-z) = z~*y>{q), 
for all qeP, zeZ7( l ) } . (21) 

Let X be any vector field on B3 and let H(X) its 
horizontal lift to P (induced by the connection 
form a). 

By a standard theorem in differential geometry 
[12], there is a canonical linear isomorphism 

moreover, a covariant derivative V in is given 
by the formula (er e Sec (w)): 

V x o = d * H { X ) ( d £ - i o ) . (22) 

V is compatible with the fibre metric 

<<ri, <r2>(*) = : (d*-1a1)(q)(d*-1a2)(q), (23) 

where q e (x) P is any point in the fibre over 
x e R3. It is now convenient to define a suitable 
volume form C04 on P : 

1 ~ 
C04 = — — 7 I * ( A > S ) A A , (A>3 = d 3 : R ) , 

271 
(24) 

and to introduce the Hilbert space ß(n)cF{n): 

ß (n) = {ip e F (n) \ J ipipco4 < co}, (25) p 

with scalar product given by the formula 

<yi» V2> = J yji ipz rn. (26) 

Then d * restricts to a Hilbert space isomorphism 

d#: ß(n)->H(n). 

According to Eq. (18), the Hamiltonian of electron-
monopole scattering is given by 

H = -
1 

2 TO j t i I V,2 

In view of the definition of V (compare Eq. (22)) it 
is more convenient to study not H, but 

3 = d*~iHd*= - -J— (27) 
2 TO 

which acts on ß (n) (ej denotes a unit vector in the 
direction of the /-th coordinate axis). Since is 
a Hilbert space isomorphism we loose nothing in 

doing so, but have the advantage of dealing with 
an ordinary partial differential operator. 

It remains to specify P 4» P 3 together with a. 
Let Q denote the algebra of quaternions, with ortho-
normal basis eo, ei, 63. (eo is the unit element, 
and the elements e\, e2, generate the usual multi-
plication table.) Set 

P= Q = Q — 0 (28) 

and identify B3 with the elements q e Q orthogonal 
to eo- If 2 e £7(1) has the form z^cc + iß, define, 
for all q e Q 

q'Z = q(a + e3ß). (29) 

Let 7t: P R3 denote the map given by 

n{q) = qe3q; (30) 

by (28), (29) and (30) we have then indeed defined 
the Z7(l)-principal bundle P. The connection form 
a is given by 

M M = <<7*3, V / l ? ! 2 (31) 

(for arbitrary tangent vectors hq at q). 
By a straightforward calculation, one finds 

C04 = — \q\2dAq 
71 

and 

8 = 8 TO M 

(32) 

(33) 

In the derivation of (33), it has been used that ß 
acts on w-equivariant function; therefore, n appears 
in this formula. (ZI4 denotes the Laplacian in four 
dimensions.) 

According to Sect. 2, we have to look for an 
operator Ho' which replaces Ho Equation (6). Ho' 
has to fulfill the following physical requirements: 

a) There should be no charge-dependence in H0. 
b) At large distances from the origin H and Hq 

should look more or less equal. 

Now observe that | q \2 = 171 (q) j. Hence, at large 
distances from the origin, we find from Equa-
tion (33): 

ß->ß0 = - . * ,2 d 4 . (34) 
8 t o I q \ 2 

Moreover, ß o shows no explicit dependence on n, 
that is on the charge q. There is, of course, some 
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hidden w-dependence, in Hq , because it is assumed 
that it acts on ?i-equivariant functions; but note 
that, for all n, ßo has the same form. The fact that 
Ilo acts on w-equivariant functions has, however, 
a certain effect on the corresponding angular mo-
mentum spectrum (compare Ref. [4], [8]): the al-
lowed angular momenta have the quantized values 
j = | n/21, | nj21 -f 1 , . . . etc., i.e. they are modified 
by the field of the monopole. This phenomenon is 
already well-known from the classical theory [13], 
[14]; moreover, in the classical theory, one shows 
that this modification persists even at large, (and 
in fact infinite) distances from the origin. This phys-
ical effect will, therefore, be taken into account if 
we make the following choice for Ho': 

Ho' = d £ R o d * - K (35) 

Besides the physical arguments leading to (35), it 
should, however, be stressed, that (35) represents 
from a formal point of view, the only choice for Hq' 

which appears to be mathematically natural. 

4. The Scattering into Cones Formula 

After having defined H and Ho', we are now able 
to study the Möller operators Q± given by Equa-
tion (6). From the last section it is clearly more 
convenient to work within the Hilbert space ß(n) , 
of w-equivariant functions on P, and to investigate 
the operators 

Q± = df~1 Q± df = lim ewte-ihot. (36) 
<->•±00 

To this end we need some technical preparations. 
First recall that the space of unit quaternions forms 
the group SU(2). The Wigner coefficients [15] 
Dm.m'iQo), {qo 6 SU(2)), of the standard irreducible 
representations of SU(2) in yield (by the 
Peter-Weil theorem) [16], a complete basis for the 
Hilbert space of square-integrable functions on S 3 

(with standard volume form). Consider the function 
xp: P - * C 

y>(q) = cp(r)Diltm.(ql\q\), (37) 

where r = | q |2 and cp has compact support on the 
positive real line, xp is n-equi variant, if and only if 

m = - n/2 (38) 

(this follows from the well-known properties of the 
Wigner coefficients [15]). (38) implies [15] that 

j=\m'\, |m'| + l , |m'| + l , . . . , 

and that m has the values m = — j , — 
Assume now that (38) holds. It follows from the 
completeness of the Wigner coefficients, that finite 
sums of functions which have the form (37) gen-
erate a dense subspace ß{ri) of ß(n). Let now p e R 
be greater than —1/2 and define 

hP(<p)(r) = ]dr'Jp(rr')\/rT'<p(r'). (39) 
o 

Jp denotes a Bessel function and hp is known as the 
Hankel transformation [17] of order p. Define T 
and To by the formulas 

(Ty,)(q) = (tj<p)(r)-Din^(qlM), 
(Toy,)(q) = (t}°cp)(r)-Dil:m.(ql\q\), (40) 

where tj and lj° arc given by the equations 

1 

tj(p = ^ hm{rcp), 

1 h°<P = r Ku)(r<p)> 
with 

X(j) = ((j + |)2 - m'2)i/2, 

It is well-known [17] that hp extends to a unitary 
transformation of the Hilbert space of all square-
integrable functions on the positive real line. Using 
this fact one can easily prove that the operators T 
and To extend to unitary transformations of ß(n). 

Moreover, one can show that T and Tq are hermi-
tean and idempotent, i.e 

T2 = TO2 = id. 

By partial integration, one proves furthermore that 
the equations 

(Tßy>)(q) = -—-r2(Trp)(q), 
& f/l 

(TO ßO xp) (q) — - - 1 - r2 ( Tq xp) (q), (42) 

hold for any function of the form (37) and hence for 
any xp e ß{n). Since ß{n) is dense in ß(n), Eq. (42) 
shows that the differential operators H and ßo have 
self-adjoint extensions which are unitarily equiv-
alent to the operator of multiplication with r2/2m. 
Hence both operators have a continuous spectrum, 
(the positive real line), and no bound states. 
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In addition to the operators T and Tq we define 
for functions y> of the form (37), (compare Eq. (40)), 

U±y) = exp { ± in (A (?) — A0(;'))/2} • yt, 

U0xp = exp { - i(X0(j) + l)) /2} • v • (43) 

The operators U± and Uq extend trivially to iso-
metries of fl(n), and hence of 3(n). 

After these preparations we can present the result 
for the limits (36): 

and 

Q± = U±TT O. (44) 

(44) yields the scattering matrix S (defined in the 
space of equivariant functions), 

S = Q* Q- E/s 

With the help of d * we obtain the ^-matrix in the 
space H(n), of sections in 

8 = d*Sd*~1. (46) 

With the help of (36) and (46) one can then estab-
lish the "scattering into cones formula" which holds 
for our problem. The derivation is completely anal-
ogous to the one of Sect. 2; the only difference con-
sists in the replacement of the ordinary wave-func-
tion xp by a section a in the bundle £w. One finds 
that the probability of a particle being scattered 
into the cone C is given by the formula: 

P(C, a) = jd3x((S - 1 )Fo, 
c 

(S-l)Fo>(x) 

with 
Fo = d#U0T0d#-

(47) 

(48) 

The operator F replaces the ordinary Fourier trans-
formation, as was anticipated in Section 2. 

The differential cross section of electron-monopole 
scattering can be derived from (47). For complete-
ness we state the result here. Let 0 denote the scat-
tering angle and P the momentum of the charged 
particle; the differential cross section dajdQ is given 
by the equation 

da/dü = | 2 / (0) /P| (49) 

with 
r d2 

f{0) = (sin 0)-i/2 — » (sin fl)i/2 d02 

1 1 — 4 n2 

16 (sin 0/2)2 ' 16 (cos 0/2)2 /o(0) 

/o(0) = I 
T(K) 

*t-o 2 ^ + 1 ^ 1 + 1 
. p(O-W)(cos0)(cos 0/2)1"!. 

p(0.|n|) denotes a Jacobi polynomial and T (k) is 
given by 

T(k) = - 1 + exp {— »jt([(|»|/2 + k + 1/2)2 
~ (| w|/2) 2 ] 1 / 2 — k — | w|/2 — 1/2)} . 

(50) 

The proofs of the Eqs. (44) —(49) are given in the 
appendix. 

(45) Discussion 

In the last section we have shown, that after 
some reasonable changes in the definition of the 
Möller operators, the time-dependent approach to 
scattering theory can be successfully applied to the 
electron-monopole scattering problem, despite of 
the fact, that wave-functions have to be replaced 
by sections in a complex line bundle. Actually all 
the physically relevant quantities can even be com-
puted in closed form. 

W e have mentioned in Sect. 2 that our problem 
was already treated within a modified time-indepen-
dent approach by several authors [8, 9, 10]. Their 
result can be more easily compared to ours if we 
consider phase shifts, which can be read off from 
Equation (45). As a function of angular momentum 
j,j=\n\/2, |n\/(2 + 1 ) , . . . etc., the phase shifts 
d(j) are of the form (compare also Equation (50): 

<5(?) = - * ( [ ( ? + £ ) 2 - ( M / 2 ) 2 ] 1 / 2 

- i - D - (51) 

In contrast to this, one finds in the references men-
tioned before 

<5 (j) 7 * [ 0 ' + i ) 2 - ( M / 2 ) 2 ] - l / 2 . (52) 

The expression (50) has the (physically reasonable) 
property that d(j) vanishes for large angular mo-
menta j, whereas (51) diverges. As a consequence 
the corresponding expression for the differential 
cross section is a divergent series which has to be 
regularized ad hoc. Our expression for the cross 
section behaves perfectly well in this respect. 

We have already mentioned that the time-inde-
pendent approach uses a modified boundary condi-
tion at infinity. It might be that this new boundary 
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condition is mathematically not adequate, but that 
the numerical regularization (which is in fact done 
on the computer, see Ref. [9] compensates for this 
defect. Our result could then be compared only 
numerically with the time-independent approach 
presented so far in the literature; no effort in this 
direction has yet been done. 

Appendix 

W e want to prove now the Eqs. (44) —(49) of 
Sect. 4 (the notation is the same as in the preceding 
text). For this purpose we define the unitary opera-
tors U\, U2 acting on elements ip e ß(n) by the 
formula, (q e P) : 

(U1(x)ip)(q) = exV(i<x\q\)*ip(q); a e P ; ( A l ) 

(U2(*)ip)(q) = a e P , o c > 0 . 

In addition, we define the unitary operators (com-
pare Section 4): 

V\(t)=U2(mlt)U1(Ttl2m)U^T0, (A2) 

V±(t) = U2(mlt)U1(Ttl2m)UTU^T, 

with t e R and t > 0. 
W e proof now 

lemma 1. For all £ > 0 the following equations 
hold: 

e x p { = F » # o O = y°± (0 C7i(T m/21), (A3) 

exp frißt} = F±(f)E7i(=F ro/2f). (A4) 

Proof. Ui, U2 and hence , V± are all unitary 
operators on H(m). Therefore, we need to prove 
(A3) and (A4) only for functions of the form 

= V(r)DL.m'(qlU D 

with cp having compact support on the positive real 
line, because such functions generate a dense sub-
space of ß(n). 

Equation (42) yields for such a function: 

(exp {=F ißotip})(q) = q>(r)Z>L*'(tf/|q\), 

where 

q,(r) = lim r-i/2 J d r ' \JMj)(rr') • exp { - r ' * ( e ± itfim)} j dr" JXoij)(r'r") r"W cp(r") 
e-*0+ 0 I 0 

(The limit e - > 0 + has to be performed in order to extend the Hankeltransformation to functions which 
do not have compact support [17].) Since cp has compact support, the order of integrations can be ex-
changed; the result of the integral over a' is then known explicitely [18]: 

~(r) = j-—1/2 . exp { ± inl2(Mj) + 1)} J dr'V'3/2exp { ± (r* + r"*)J JMj)(rr"m/t) <p(r"). 

(13) follows now immediately from this equation. 
The proof of (14) proceeds by the same argument, 
with ß replacing ßo and X(j) replacing Ao (j). 

Lemma 2. 

lim exp fr iß0t} — V°±(t) = 0, 

lim exp frißt} — V±(t) = 0 . 
t—y oo 

(A5) 

(A6) 

Proof. It follows from Lemma 1 that for all 
ipeH(n) 

| exp ißotip} — V°±(t)ip\ 

= \exp friß tip} — V±(t)ip\ 

= \U1(Tml2t)W-ip\. 

Now the right hand side converges to 0 as t - > oo, 
since U (a) converges strongly to the identity as 
a 0. Now set 

a±=U±TT0. 

We proof 

lemma 3. Q± = lim exp ißt} exp {^f ißot}, 
t —*• ± oo 

proof. For any ip e ß(n) we have the inequalities 

| Q±ip — exp { i ißt} exp ißotip} | 

= | exp {^F ißtQ±ip} — exp iß tip} | 

^ |exp frißtQ±}ip — V±(t)Q±ip\ 

+ | exp (=f ißotip} — V°±(t)ip | 

+ \V±(t)Q±ip-V°±(t)ip\. (Al) 

According to Lemma 2, the first two terms con-
verge to zero as t oo and the definitions of V± (t) 
and V±(t) imply that the last term satisfies 

\V±(t)Q±ip-V\(t)ip\ 

= \UTU±iTU±TT0ip-U±lT0ip\, 
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which vanishes since the operators T , U±, U ^ 1 all 
commute and 

U+ U± = T2 = TO2 = 1, 

(compare Equation (41)). Hence we have proven 
the lemma. Lemma 3 shows that the Möller opera-
tors for our scattering problem are given b y the 
formula 

Q ± = d f Q ± d f ~ i (A8) 

(compare Section 3). Using again T2 — TQ2 = 1 to-
gether with Lemma 3 we find that the scattering 
matrix S is explicitely given b y the formula 

S = Q%Q- — d* U2_ d*-1 (A9) 

(compare Eqs. (45) and (46)). 
According to Sect. 1 the probability that a par-

ticle is scattered into a cone C, is given the formula 

P(C, a) = lim Xo{t) 
t-*oo 

with 

Xa{t) = Jd3«<orBc(0, ffsc(0>(«). 
c 

The scattering wave aBC (t) is on our case a section 
defined by the formula 

0sc(O = e x P {— iHtQ-o} — exp {— iHota} 

for arbitrary a e H(n) (compare Sect. 2 and 3). W e 
prove now 
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lemma 4. 

P(C, a) (A 10) 
= J d 3 x ( ( S - 1 )Fo, {S-l)Fay(x), 

c 

where F is the unitary operator 

F = d*U0T0d*-1, 

(compare Equation (48)). 

Proof. Using the invariance of the cone C under 
dilatations, it is easily established that for arbitrary 
oeH and positive real a the quantities 

Jd3*<d# Ui (a) d*-1 a, df 17, (a) d*'1 or) (x) 
c 

are independent of a and equal to 

Jd3£<<7, a)(x). 
c 

Using this fact and the commutativity of F and S 
one finds by inspection o f Eq . (A2 ) that the formula 

A (or) = : fd3a?<( iS - l)Fo, (S-l)Fa>(x) 
c 

= L(t) 
with 

la(t)=^xCo{t),o(t)'y, 

and 
~o{t) = d?V+(t)df-i{S-l)o, 

holds for arbitrary positive t. N o w we have the inequalities: 

|A f f(01 /2 - ! , ( 0 1 / 2 | ^ | Jd3x<(Tsc(<) - o{t), <rBC(0 - 5 (OX®) |1 / 2 ^ |<TBC(0 - o(t)\, 
c 

whence 

lim | A*(O1 '2 - A(cr)i/21 = hm | X a ( t )W - l«x(01 /2| ^ l i m |<r6C(0 - 5 (01 • 
t—>oo t—*oo t—> oo 

From the explicit definitions of aBc(0 a n d a(t) and the fact that is an isometry we find that 

| <rsc(0 - 5(01 = | e r * n t Q _ d * - i a _ e - i m t d # - i a _ yo+ ( t ) d * - \ S - 1) a\ 

which vanishes b y virtue o f Lemma 2 and 3 when 
t oo. This yields immediately the Equation (A 10). 

Comparing P(C, a) with the corresponding ex-
pression of ordinary potential scattering [7], we see 
that F a replaces the Fourier transformation, which 
cannot be applied in our case. W e use, however, 
this analogy in order to identify F a with the " m o -
mentum space"-wave-function o f quantum mechan-
ics (note, however, that F a is a section). Hence 

(F a, F a ) (p) becomes the probability that our par-
ticle has momentum p. 

Assume now that (Fa, Fa)>(p) has upport in a 
cone C. I f C and C' are sufficiently narrow there 
is a section r : C u C ' - > P (compare Sect. 3) and, b y 
formula (23), we have the identity 

<Fa,Fa}{p) = p{p)<p(p) 
with 

<p(p) = (d#-1Fa)(T(p)). 
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(p(p) is an ordinary function, which we may identify A rather lengthy computation which relies on the 
with the momentum space wave function in the orthogonality properties of the Wigner coefficients 
normal sense. (Note, however, the dependence on r.) TPm'm' > shows that 

Jd3p<(S _ l)Fo, (8 - l )P<r>(p) = fd*p j fdzp 0 ' ~-rf(Po,Po')<p(\p\po')\2, 
c c s* 1711 

where the second integration is over the 2-sphare, 

( A l l ) 

PO = Pl\P\, 

f(Po- Po') "ouT 2 (M + k r 1) ^Kt^T^o') -r(po)), (A 12) 

and 
T (k ) = - 1 - f e x p { - i n { [ \ m ' \ + k + i ] 2 - m ' 2 F 2 _ \m'\ - h - £)} 

If we compare ( A l l ) again with the "scattering 
into cones" formula of ordinary potential scattering 
[7] we see that f(po, Po) has to be identified with 
the scattering amplitude. Hence the differential 
cross-section for particles of momentum p0' is 
given by the formula 

dcr/dß — \f[po,po')\2- (A13) 

In contrast t o f(po,Po'), the differential cross-
section is found to be independent of r. Moreover, 
it is rotationally invariant. Hence we may assume 
without loss o f generality that 

Po' = «3, Po — cos 6 + sin 0 e\ , 

where 0 is the scattering angle. Since dcr/&Q is in-
dependent of r , any choice of T{po) and r{po') which 
projects down to po and po', respectively, will yield 
the same expression for da/dD. W e choose 

r(po) = e0. T(po) = exp(|-0e 2 ) . 

(compare Section 3). Using the definition of D7m- m-, 
we find that for this choice [15] 

Dt^(r(Po')r(po)) 
= ( c o s P ) W p < o > M ) ( C o s 0 ) (A 14) 

(recall that m' = —n/2). is a Jacobi poly-
nomial and the functions 

/W(0 ) = sin 01/2(cos i0)WpjP- !nD(cos 0) 

satisfy the differential equation [19] 

d 2 ,nl " 
d P ^ + [ 1 6 sin2 1 0 ' 16 cos2 I 0 

k l + M 2 

1 1 — 4?i2 

+ <A15> 

k f[nl = o. 

Equation (49) is then found by combining Eq. (A 13) 
with (A 14) and (A 15). 
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